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Abstract
Let G be a simple graph and π an equitable partition of the vertex set V (G). It is well
known that the characteristic polynomial φ(G/π; λ) of a quotient graph G/π divides that of
G. The Seidel swiching Gσ of G with respect to a proper subset V of V (G) is called equitable
if V is a union of some cells in π . We show that if Gσ is equitable, φ(G; λ)/φ(G/π; λ) =
φ(Gσ ; λ)/φ(Gσ /π; λ). Some applications of this theorem to generalized composition graphs,
isospectral graphs, integral graphs and Ramanujan graphs are contained.
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1. Basic lemma
Let G be a simple graph with vertex set V (G). A partition π = (C1, C2, . . . , Ct )
of V (G) is said to be equitable if, for all i and j , the number cij of edges from a
vertex in Ci to Cj does not depend on the choice of vertex in Ci . For an equitable
partition π , we denote the quotient graph with respect to π by G/π . The matrix (cij )
is called the adjacency matrix of the quotient graph G/π and we denote it by AG/π :
AG/π =


c11 c12 . . . c1t
c21 c22 . . . c2t
. . . . . . . . . . . . . . . . . . .
ct1 ct2 . . . ctt

 .
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If each cell contains just one vertex in a partition π , then the partition is called
discrete. For the discrete partition π , G/π = G.
In general, we denote by φ(A; λ) the characteristic polynomial of a square matrix
A. The characteristic polynomial of AG/π will be denoted by φ(G/π; λ). Then it
is well known [4, p. 78] that the characteristic polynomial φ(G; λ) is divisible by
φ(G/π; λ). We denote by J the all-one matrix of size |V (G)|.
For each cell Ci , let ni := |Ci | and define
J (π) :=


n1 . . . nk
...
...
n1 . . . nk

 .
The characteristic matrix P of π is defined to be the |V (G)| × t matrix with the
characteristic vectors of the cells of π in its columns. The characteristic matrix P
satisfies
AGP = PAG/π and JP = PJπ . (1)
The following result is the key lemma in this note.
Lemma 1.1. Let G be a graph with an equitable partition π . Then, for any real
number k,
φ(AG; λ)
φ(AG/π ; λ) =
φ(AG + kJ ; λ)
φ(AG/π + kJπ ; λ) .
Proof. Let v be an eigenvector of the matrix AG/π + kJπ with an eigenvalue λ. Then
by (1) Pv is an eigenvector of the matrix AG + kJ with the eigenvalue λ, and we
see that the polynomial φ(AG/π + kJπ ; λ) divides φ(AG + kJ ; λ).
An eigenvalue of G is said to be a main eigenvalue of G, if it has an eigenvector
not orthogonal to the all-one vector j. Let j⊥ denote the vectors in the real vector
space R|V (G)| orthogonal to j. Then the actions of AG and AG + kJ on j⊥ are coin-
cident. Let E(λ) be the eigenspace of a main eigenvalue λ and v an eigenvector of λ
which is not orthogonal to j. Then
E(λ) = R · v ⊕ (E(λ) ∩ j⊥).
It is known [1, Theorem 3] that if an eigenvalue of G is a main eigenvalue of
G, then it is an eigenvalue of the quotient graph G/π . Hence we may assume that
the eigenvectors of any root of the polynomial φ(AG; λ)/φ(AG/π ; λ) are orthogonal
to the all-one vector j. Therefore the roots of the polynomial φ(AG; λ)/φ(AG/π ; λ)
coincide with that of φ(AG + kJ ; λ)/φ(AG/π + kJπ ; λ). 
Let Gc denote the complement of a graph G. If π is an equitable partition of G, it
is also an equitable partition of Gc. In [10], the following theorem has been proved
by a different method.
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Proposition 1.2. If π is an equitable partition with r cells of a graph G on n verti-
ces, then
φ(G; λ)
φ(G/π; λ) = (−1)
n−r φ(Gc;−1 − λ)
φ(Gc/π;−1 − λ) .
Proof. Set k = −1 in Lemma 1.1. Then the result follows easily, since
AGc/π = J (π)− AG/π − Ik,
where Ik is the identity matrix of size k. 
2. Equitable switching
Recall that, switching Gσ ofG on a proper subset σ of V (G) is the graph obtained
from G by deleting all edges between σ and σ c, the complement of σ in V (G), and
introducing new edges between σ and σ c whenever they were nonadjacent in G.
Let π = (C1, C2, . . . , Ct ) be an equitable partition of a graphGwith cellsC1, C2,
. . . , Ct . If a proper subset σ of V (G) is a union of some cells in the partition π , the
graph Gσ obtained by switching on σ is called equitable switching of G with respect
to π . Note that the partition π = (C1, C2, . . . , Ct ) gives rise to an equitable partition
of Gσ .
Theorem 2.1. Let π be an equitable partition of a graph G and let Gσ be an equi-
table switching of G with respect to π . Then we have
φ(G; λ)
φ(G/π; λ) =
φ(Gσ ; λ)
φ(Gσ /π; λ) .
Proof. Applying Lemma 1.1 for k = − 12 , we have
φ(G; λ)
φ (G/π; λ) =
φ
(
AG − 12J ; λ
)
φ
(
AG/π − 12Jπ ; λ
) . (2)
For a union of cells
σ = C1 ∪ C2 ∪ · · · ∪ Cl, l < t,
let Gσ be the equitable switching of G on σ with respect to the partition π . The
(i, j)-entry cσij of AGσ/π is given by
cσij =
{
cij if 1  i, j  l or l + 1  i, j  t,
|Cj | − cij otherwise.
This implies that the (i, j)-entry bij and bσij of AG/π − 12Jπ and AσG/π − 12Jπ , re-
spectively, satisfy:
bij =
{
bσij if 1  i, j  k or k + 1  i, j  t,
−bσij otherwise.
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Thus we haveAG/π − 12Jπ = A(AσG/π − 12Jπ)A−1, whereA = (aij ) is the diagonal
matrix with entries aii = 1, 1  i  l, and aii = −1, otherwise. Hence AG/π − 12Jπ
and AσG/π − 12Jπ have the same characteristic polynomials. Therefore we have
φ(AG − 12J ; λ)
φ(AG/π − 12Jπ ; λ)
= φ(A
σ
G − 12J ; λ)
φ(AσG/π − 12Jπ ; λ)
(3)
and the theorem follows from (2) and (3). 
Let G be a semiregular graph of degree (r, s), and let π = (C1, C2) be a biparti-
tion of V (G) such that each vertex in C1 has degree r and each vertices has degree
s. The bipartite complement G∗ is the bipartite graph with the same parts and the
same vertex set as G, where any pair of vertices in the distinct parts are adjacent if
and only if they are non-adjacent in G.
Corollary 2.2. Let G be a semiregular graph of degree (r, s). Then
φ(G; λ)
λ2 − rs =
φ(G∗; λ)
λ2 − (|C2| − r)(|C1| − s) .
In [11], this result has been proved by a different method.
For a graph G, we denote the second largest eigenvalue and the smallest eigen-
value by λ2(G) and λmin(G), respectively. For a regular graph G, we denote its
degree by deg(G). The second largest eigenvalue of a regular graph is an important
graph invariant since it relates with connectivity, diameter, covering number and the
expanding properties.
Proposition 2.3. Let G be a connected graph with an equitable partition π and Gσ
an equittable swiching of G with respect to π . Suppose that Gσ is connected. Then
• If λ2(G) is not an eigenvalue of the quotient graph G/π, then λ2(G)  λ2(Gσ ).
Moreover if λ2(G) < λ2(Gσ ), then λ2(Gσ ) is an eigenvalue of Gσ/π .
• If λmin(G) is not an eigenvalue of the quotient graph G/π, then λmin(G) 
λmin(Gσ ). Moreover, if λmin(G) > λmin(Gσ ), then λmin(Gσ ) is an eigenvalue of
Gσ/π .
Proof. By the Perron–Frobenius theorem, note that the largest eigenvalue of G is a
simple main eigenvalue. Then the result follows from Theorem 2.1. 
3. Generalized composition
Let π = (C1, C2, . . . , Ct ) be an equitable partition of a graph G. Let X =⋃
1ik Ci , and Y =
⋃
k+1jt Cj , for some k, 1  k < r . Then π1 = (C1, . . . , Ck)
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and π2 = (Ck+1, . . . , Cr) are equitable partitions of induced subgraphs 〈X〉 and 〈Y 〉,
respectively. From Theorem 2.1 we can easily prove the following.
Proposition 3.1. Notations being as above, if for each j in {k + 1, . . . , t}, c1j =
c2j = · · · = ckj = |Cj | or c1j = c2j = · · · = ckj = 0. Then
φ(G; λ)
φ(G/π; λ) =
φ(〈X〉; λ) φ(〈Y 〉; λ)
φ(〈X〉/π1; λ) φ(〈Y 〉/π2; λ) .
The following well-known result has many applications.
Corollary 3.2 [4, p. 80]. If π = (C1, C2, . . . , Cr) be an equitable partition of a
graph G with C1 = {v} for some v ∈ V (G), then
φ(G; λ)
φ(G/π; λ) =
φ(G− v; λ)
φ(G/π − C1; λ) .
Let H be a labeled graph with k vertices v1, v2, . . . , vk and let G1,G2, . . . ,Gk
be graphs. Then generalized composition H [G1,G2, . . . ,Gk] is the graph obtained
by taking the disjoint union of G1,G2, . . . ,Gk and joining every vertex of Gi to
every vertex of Gj whenever vi is adjacent to vj . If G1 = G2 = · · · = Gk = G, we
denote H [G] for H [G,G, . . . ,G] and call it the ordinal composition.
If πi = (Ci1 , Ci2 , . . . , Cii(j) ) are equitable partitions of graphs Gi for i = 1, 2,
. . . , k, then the partition
π = (Ci1 , Ci2, . . . , Cii(j) , 1  i  k)
is an equitable partition of the generalized composition graph H [G1,G2, . . . ,Gk].
We denote this partition by (π1, π2, . . . , πk).
Theorem 3.3. With notations as above,
φ(H [G1,G2, . . . ,Gk]; λ)
= φ(H [G1,G2, . . . ,Gk]/(π1.π2, . . . , πk); λ)
k∏
i=1
φ(Gi; λ)
φ(Gi/πi; λ) .
Proof. The result easily follows from Proposition 3.1. 
The join G+H of two graphs G and H is the graph formed by joining every
vertex of G to every vertex of H :
G+H = K2[G,H ].
By Theorem 3.3, we obtain the following:
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Corollary 3.4. Let G1 and G2 are graphs with n1 and n2 vertices, respectively. If
π1 and π2 are equitable partitions of G1 and G2 with r1 and r2 cells, respectively.
Denoting by Jr,s the r by s all-one matrix, set
B =
(
AG1/π1 n2Jr1,r2
n1Jr2,r1 AG2/π2
)
.
Then the characteristic polynomial of their join is
φ(G1 +G2; λ) = φ(B; λ) φ(G1; λ)φ(G2; λ)
φ(G1/π1; λ)φ(G2/π2; λ) .
If G1, . . . ,Gk are regular graphs, Schwenk [9] proved a formula which express
the characteristic polynomial of the generalized composition in terms of the polyno-
mial of the graphs H,G1, . . . ,Gk .
Corollary 3.5 (Schwenk). Let H be a labeled graph with k vertices {v1, v2, . . . , vk}.
Let Gi be regular graphs of degree di for i = 1, 2, . . . , k, and let
π = (V (G1), V (G2), . . . , V (Gk)). (4)
Then
φ(H [G1,G2, . . . ,Gk]; λ) = φ(H [G1,G2, . . . ,Gk]/π; λ)
k∏
i=1
φ(Gi; t)
λ− di .
Proof. This follows at once from Theorem 3.3. 
Corollary 3.6. Let H be a connected labeled graph with k vertices. and let G1,G2,
. . . ,Gk be connected graphs with equitable partitions π1, π2, . . . , πk, respectively.
• If λ2(H [G1,G2, . . . ,Gk]) is not an eigenvalue of the quotient graph
H [G1,G2, . . . ,Gk]/(π1, π2, . . . , πk),
then
λ2(H [G1,G2, . . . ,Gk])  max{λ2(Gi); 1  i  k}.
• If λmin(H [G1,G2, . . . ,Gk]) is not an eigenvalue of the quotient graph
H [G1,G2, . . . ,Gk]/(π1, π2, . . . , πk),
then
λmin(H [G1,G2, . . . ,Gk])  min{λmin(Gi); 1  i  k}.
4. Isospectral graphs
Graphs with the same spectrum are called isospectral. In this section we give a
few methods to construct isospectral graphs. It is well known [2, p. 184] that switch-
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ing a regular connected graph into another regular connected graph of the same de-
gree produces an isospectral graph. Local switching is a generalization of switching
which produces a pair of Isospectral graphs (cf. [5,7]).
By Theorem 2.1 we obtain the following:
Proposition 4.1. Let π be an equitable partition of a graph G and let Gσ be an
equitable switching of G with respect to π . Then G and Gσ are isospectral if and
only if the quotient graphs G/π and Gσ/π are isospectral.
The following result follows from Corollary 2.2.
Proposition 4.2. Let G be a semiregular graph of degree (r, s). Then G and its
bipartite complement G∗ are isospectral if and only if 2|E(G)| = |C1||C2|, where
E(G) denotes the set of edges in G.
Proposition 4.3. Let H be a labeled graph with k vertices. For each i, 1  i  k,
suppose that graphs Gi and G′i are isospectral with isospectoral quotients Gi/πi
and G′i/π ′i . Then the generalized compositions H [G1,G2, . . . ,Gk] and H [G′1,G′2,
. . . ,G′k] are isospectral if and only if H [G1,G2, . . . ,Gk]/(π1, π2, . . . , πk) and
H [G′1,G′2, . . . ,G′k]/(π ′1, π ′2, . . . , π ′k) are isospectral.
Proof. This follows immediately from Theorem 3.3. 
A connected regular graph G is said to be highly regular if for every vertex u ∈
V (G), there is an equitable partition
{V1, V2, . . . , Vt } with V1 = {u},
and its quotient graph does not depend on u. Distance-regular graphs are highly
regular.
Let G be a highly regular graph. The vertex-deleted graph G− u has the follow-
ing partition:
π = (V2, . . . , Vt ).
This partition π is equitable and the quotient graph (G− u)/π does not depend on
the choice of the vertex u. For vertices u, v in G, the vertex-delated graphs G− u
and G− v are isospectral by Corollary 3.2.
LetG(u) be the graph obtained fromG− u applying finite times equitable switch-
ing with respect to the partition π .
In Proposition 5.4.2 from [3] it is shown that if G is a strongly regular graph,
all the graphs G(u) are isospectral. By Propositions 1.2 and 4.1, this results can be
generalized as follows:
Proposition 4.4. Let G be a highly regular graph. Then, for two vertices u and v in
G, G(u) and G(v) are isospectral with isospectral complements.
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5. Integral graphs
A graph is called integral if the eigenvalues of its adjacency matrix are all inte-
gers. Note that, in general, the complement of an integral graph is not integral.
Proposition 5.1. Let π be an equitable partition of an integral graph G. Then the
complement Gc is integral if and only if the quotient graph Gc/π is integral.
Proof. This follows at once from Proposition 1.2. 
Proposition 5.2. Let π be an equitable partition of an integral graph G and let Gσ
be an equitable switching of G with respect to π . Then Gσ is integral if and only if
the quotient graph Gσ/π is integral.
Proof. This follows immediately from Theorem 2.1. 
Proposition 5.3. Let G1,G2, . . . ,Gk be integral graphs with equitable partitions
π1, π2, . . . , πk, respectively. Then, for a lebeled graph H with k vertices, the gener-
alized composition H [G1,G2, . . . ,Gk] is integral if and only if the quotient graph
H [G1,G2, . . . ,Gk]/(π1, π2, . . . , πk) is integral.
Proof. This follows immediately from Theorem 3.3. 
6. Ramanujan graphs
A connected regular graph G is called a Ramanujan graph (cf. [8]) if each eigen-
value λ other than ± deg(G) satisfies
|λ|  2√deg(G)− 1.
Let π be an equitable partition of a connected regular graph G. Then the quotient
graph G/π is called a quotient Ramanujan graph if each eigenvalue λ other than
± deg(G) satisfies |λ|  2√deg(G)− 1.
Clearly if G is a Ramanujan graph, then its quotient graph is a quotient Ramanu-
jan graph. By Theorem 2.1, we obtain the following two theorems.
Theorem 6.1. Let G be a Ramanujan graph with an equitable partition π and let
Gσ be an equitable swiching of G. If Gσ is connected and regular with deg(Gσ ) 
deg(G), then Gσ is a Ramanujan graph if and only if its quotient graph Gσ/π is a
quotient Ramanujan graph.
Corollary 6.2. LetG be a bipartite Ramanujan graph with connected bipartite com-
plement G∗. If deg(G∗)  deg(G), then G∗ is also a Ramanujan graph.
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Theorem 6.3. Let G be a regular graph with an equitable partition π and let Gσ
be an equitable swiching of G. If Gσ is connected and regular with deg(G) 
2
√
deg(Gσ )− 1, then Gσ is a Ramanujan graph if and only if its quotient graph
Gσ/π is a quotient Ramanujan graph.
By Theorem 3.3, we obtain the following two theorems.
Theorem 6.4. Let G1,G2, . . . ,Gk be Ramanujan graphs with the same number of
vertices and degree. Let H be a connected regular labeled graph with k vertices. If
π1, π2, . . . , πk are equitable partitions of G1.G2, . . . ,Gk, respectively, then H [G]
is a Ramanujan graph if and only if the quotient graph H [G]/(π1, i2, . . . , πk) is a
quotient Ramanujan graph.
Theorem 6.5. Let G1,G2, . . . ,Gk be connected regular graphs with the same num-
ber of vertices and degree. Let H be a connected regular labeled graph with k verti-
ces. Let π1, π2, . . . , πk be equitable partitions of G1.G2, . . . ,Gk, respectively. If
max{deg(Gi); 1  i  k}  2
√
deg(H [G1,G2, . . . ,Gk])− 1,
then the generalized composition H [G1,G2, . . . ,Gk] is a Ramanujan graph if and
only if
H [G1,G2, . . . ,Gk]/(π1, π2, . . . , πk)
is a quotient Ramanujan graph.
Proposition 6.6. Let G be a non-bipartite Ramanujan graph of degree d with an
equitable partition π and let Gσ be an equitable swiching of G with respect to π.
Suppose that G and Gσ satisfy the following conditions.
• Gσ is a connected regular non-bipartite graph of degree deg(Gσ )  deg(G).
• None of λ2(G) and λmin(G) is an eigenvalue of the quotient graph G/π .
• None of λ2(Gσ ) and λmin(Gσ ) is an eigenvalue of the quotient graph Gσ/π .
Then Gσ is a Ramanujan graph.
Proof. Since G is non-bipartite, λmin(G) /= − deg(G). By Proposition 2.3, λ2(G) =
λ2(G
σ ) and λmin(G) = λmin(Gσ ), and we obtain the result. 
An argument simillar to the proof of Proposition 6.6 yields the following.
Proposition 6.7. Let G be a bipartite Ramanujan graph of degree d with an equita-
ble partition π and let Gσ be an equitable swiching of G with respect to π . Suppose
that G and Gσ satisfy the following conditions:
• Gσ is a connected regular bipartite graph of degree deg(Gσ )  deg(G).
• − deg(G) and − deg(Gσ ) are eigenvalues of G/π and Gσ/π, respectively.
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• None of ±λ2(G) is an eigenvalue of G/π .
• None of ±λ2(Gσ ) is an eigenvalue of Gσ/π .
Then Gσ is a Ramanujan graph.
Proposition 6.8. Let G be a non-bipartite Ramanujan graph and H a connected
regular graph. Let π be the equitable partition of the ordinal composition graph
H [G] defined by (4). If non of λ2(H [G]) and λmin(H [G]) is an eigenvalue of the
quotient graph H [G]/π, then H [G] is a Ramanujan graph.
Proof. By Corollary 3.6, λ2(H [G])  λ2(G) and λmin(H [G])  λmin(G). Since G
is a Ramanujan graph, any eigenvalue λ of H [G] other than deg(H [G]) satisfies
|λ|  max{|λ2(G)|, |λmin(G)|}  2
√
d(G)− 1  2√d(H [G])− 1. 
Corollary 6.9. Let G be a regular graph of degree d on n vertices and Km the
complete graph on m vertices. If
max{d, n− d}  2√d + (m− 1)n− 1,
then Km[G] is a Ramanujan graph.
Proof. Let π be the equitable partition of Km[G] defined by (4). The quotient graph
Km[G]/π has exactly two eigenvalues d + (m− 1)n, d − n, and the result follows
from Theorem 6.5. 
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